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Abstract 

The theory of operator monotone functions began with Lowner's 
seminal work in 1934 in which a detailed analysis of matrix monotone 
functions of a fixed order is given. Lowner furthermore proved that a 
function defined in any type of open interval is operator monotone if 
and only if it allows an analytic continuation to a Pick function. 

There are several integral formulas for Pick functions, and it is these 
concrete representations rather than Lowner's theorem itself that are 
used in most applications. The operator monotone functions defined 
in the positive half-axis are of particular importance, and we give a 
version of the theory where these formulas can be established directly 
without using the theory of Pick functions. 

We found a canonical relation between positive and arbitrary op- 
erator monotone functions defined in the positive half- axis, and this 
result effectively reduces the theory to the case of positive functions. 

Key words and phrases: operator monotone function, integral rep- 
resentation, Lowner's theorem. 

1 Introduction and preliminaries 

The functional calculus is defined by the spectral theorem. Since we only 
deal with matrices the function f{A) of a hermitian matrix A is defined for 
any function / defined on the spectrum of A. 

Definition 1.1. Let I be an interval of any type. A function / : / — t- R zs 
said to be n-matrix monotone (or just n-monotone) if 

A<B f{A) < f{B) 
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for every pair of n x n hermitian matrices A and B with spectra in I. 

Definition 1.2. Let I be an interval of any type. A function / :/—)> R zs 
said to be n-matrix convex (or just n-convex) if 

f{XA + (1 - X)B) < Xf{A) + (1 - X)f{B) 

for every X G [0, 1] and every pair ofnxn hermitian matrices A and B with 
spectra in I . 

Note that the spectrum of the matrix XA + (1 — A)i? in the definition 
automatically is contained in /. The functional calculus on the left-hand side 
is therefore well-defined. 

It follows that a point-wise limit of n-monotone (ra-convex) functions is 
n- monotone (n-convex). 

Definition 1.3. A function / :/—)■ R defined in an interval I is said to be 
operator monotone (operator convex) if it is n-monotone (n-convex) for all 
natural numbers n. 

It follows that a point- wise limit of operator monotone (operator convex) 
functions is operator monotone (operator convex). 

The paper is organized as follows. We first establish the connection be- 
tween matrix monotonicity and matrix concavity. We then list the results 
that are used but not covered in this exposition. The main proof makes use 
of convexity theory and Krein-Milman's theorem and is much infiuenced by 
the joint paper [5] of Pedersen and the author. The difference is that we 
in the present exposition work directly on functions defined in the positive 
half- axis and not, as in the previous paper, on functions defined in the open 
interval (—1, 1). This may not appear to be an important difference, but it 
actually simplifies the theory in a number of ways; the most obvious is that 
we no longer need to appeal to the theory of analytic functions to obtain 
integral expressions for operator monotone functions defined in the positive 
half- axis. 

We discovered (Theorem 14. 4p that an arbitrary operator monotone func- 
tion defined in the positive half-axis in a canonical way can be expressed 
in terms of a normalized positive operator monotone function. This obser- 
vation may be of interest in itself, and it does simplify the general theory 
considerably. 
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2 Matrix monotonicity and matrix concavity 

There is a striking connection between matrix monotonicity and matrix con- 
cavity for functions defined in an interval extending to plus infinity. 

Theorem 2.1. Let f : (0, oo) li be a 2n-monotone function where n > 1. 
Then f is matrix concave of order n. In particular, f is continuous. 

Proof. Let xi, X2 be positive definite matrices of order n and take s e [0, 1]. 
We consider the unitary block matrix V of order 2n x 2n given by 

[I _ s)l/2 

and obtain by an elementary calculation that 



V 



y^^Xi ^\y^( SXI + {1~S)X2 S^/\l - Sf'\x2 - Xi) 

X2 J \^ S^/2(l - S)^/2(X2 -Xi) {l-s)xi + SX2 

We set d — —s^^'^{l — sy^'^{x2 — xi) and notice that to a given £ > the 
difference 

sxi + (1 - s)x2 + e \ xi 0\ 

2X J \ X2 J 

> I ^ 1 for A > (1 - s)xi + SX2. 

Since the last block matrix is positive semi-definite for A > £~^||d|p we reahze 
that 

y.fx, \ f sxi + {l-s)x2 + s 
\ X2 J -\ 2A 

for a sufficiently large A > 0. Since / is 2n-monotone we then obtain 

f(v*(''' \ \ / /(5a;i + (l-s)a;2 + £) 
H V X J ; - V /(2A) 

for such A, and since 

Sfix^) + (1 - S)f ix2) S'/\1 - sYl\f{x2) fix,)) 

Sl/2(1 _ s)y'{f{x2) - fix,)) (1 - S)fix,) + Sf ix2) 



we realize that 



(1) 



sf{xi) + (1 - s)f{x2) < f {sxi + (1 - S)X2 + e) . 



Since / is monotone the right hmit defined by setting 



r{t) = \imf{t + e) 

e\0 



t > 



is well-defined. For positive numbers ti,t2 > we obtain 



sf+ih) + (1 - s)f+{h) < sfih + e) + {l- s)f{h + e) 

< f {sh + (1 - s)t2 + 2e) , 



where the first inequality follows from the definition of the right limit and 
the second follows from inequality ([T]) by setting Xi = ti + e and X2 = t2 + s. 
By letting e tend to zero we then obtain 



therefore /"*" is concave and thus continuous. Since / is monotone increasing 
we have 



and since /"*" is continuous we obtain f = hy letting e tend to zero. 
Finally, since we established that / is continuous, we may let e tend to zero 
in inequality ([T]) to obtain 



showing that / is n-concave. QED 

The above theorem, with the added condition that / is continuous, was 
proved by Mathias [8]. That a 4n-monotone function defined in the positive 
half-line is n-concave already follows from |5l proofs of 2.5. Theorem and 
2.1. Theorem]. The idea of the above proof is taken from 

Corollary 2.2. An operator monotone function f : (0, 00) — > R zs automat- 
ically operator concave. 

It is essential for the above result that the function is defined in an interval 
stretching out to infinity. Without this assumption there are easy counter 
examples. 



s/+(ti) + (1 - < {st, + (1 - S)t2) , 



/+(t-e)</(t)</+(t) 



t > 0, < £ < t, 



sf{x^) + (1 



S)f{x2) < f {sXi + (1 - S)X2) , 



4 



Theorem 2.3. Let f : (0, oo) — t- R 6e a non-negative function which is 
n-concave for some n > 1. Then f is also n-monotone. 

Proof. Let x and y be positive definite n x n matrices with x < y and take 
A in the open interval (0, 1). We may write 



as a convex combination of two positive definite matrices. Since / is n- 
concave we thus obtain 



where we used that / is non- negative. Since / is continuous we obtain f{x) < 
f{y) be letting A — )■ 1. In the general case, where just x < y, we have 



since x is positive definite, and then obtain /(/ix) < f{y)- The assertion now 
follows by letting /i — 1. QED 

The above proof is taken from [5, 2.5. Theorem]. 

Corollary 2.4. A function mapping the positive half-axis into itself is oper- 
ator monotone if and only if it is operator concave. 

2.1 Regularization 

The following regularization procedure is standard, cf. for example [3l Page 
11]. Let ip he a positive and even C°°-function defined in the real axis, 
vanishing outside the closed interval [—1, 1] and normalized such that 



For any locally integrable function / defined in an open interval (a, b), where 
possibly 6 = oo, we form, for small e > 0, its regularization. 



Ay = Ax + (1 - A) (A(l - \)-\y - x 



)) 



f{Xy) > A/(x) + (1 - A)/(A(1 - \)-\y - x)) > A/(x), 



(jlx < X <y for < yU < 1 




ip{x) dx = 1. 




t e {a-\- e,b — e), 
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and realize that it is infinitely many times different iable. We may also write 



If / is continuous, then is eventually well-defined and converges uniformly 
towards / on any compact subinterval of (a, b). In particular, for each t > 0, 
the net fe{t) is well-defined for sufficiently small e and converges to f{t) as 
e tends to zero. 

Suppose now that / is n- monotone in (a, 6) for n > 2. We notice that / is 
continuous by Theorem 12.11 It follows from the last integral representation 
that is n-monotone in the interval {a + e,b — e) for < e < (6 — a)/2. We 
thus realize that, for any compact interval [ao,6o] C {a,b), the restriction of 
/ to [ao, bo] is the uniform limit of a sequence of n-monotone functions that 
are infinitely many times differentiable in a neighborhood of [ao, &o]- 

A similar statement is obtained for n-convex functions / defined in (a, b) 
for n > 2. Notice that in this case the continuity of / is immediate. 

3 Main assumptions 

We shall not attempt to give a fully self-contained proof of Lowner's theorem 
in this short paper but will essentially rely on Bendat and Sherman's theorem 
l^lj as the starting point. 

The early expositions in the literature are rather brief and not entirely 
complete. The most succinct example is the claim in Lowner's original pa- 
per [7\ that ra-monotonicity is a local property. This is stated in a corollary 
without proof and is still without proof a main tool in the paper of Dob- 
sch [2] that studies n-monotonicy in terms of differential characterizations. 
Donoghue |3] is attempting to give a very long and complicated proof of the 
statement over more than 30 pages. It is probably fair to state that even 
today there is no satisfactory proof of the local property assertion published 
in the literature. Since most applications of the theory are directed towards 
operator monotone functions this deficit is of no concern in the present paper. 

For a continuously differential function /: / — )■ R the (first) divided 
difference [t, s]f is defined by 




t E {a + e,b — e). 
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and the Lowner matrix L{Xi, . . . , A„) is defined by 



L(Ai, . . . , A„) — ( [A,,, \j]f ) 

V / i, 



for Ai, . . . , A„ e /. 

Theorem 3.1. Let f G C^(/) where I is an open interval, and take a natural 
number n > 2. Then f is n-monotone if and only if the Lowner matrix 
L{ti, . . . ,tn) is positive semi-definite for all sequences ti, ...,/!:„ G /. 

This result together with the analysis of Kraus [6J leads to 

Theorem 3.2 (Bendat and Sherman). Let f be a real function in C^{I), 
where I is an open interval. Then f is operator convex if and only if the 
function 



is operator monotone for each to G /. 

Both Theorem 13.11 and Theorem 13.21 hold under the weaker assumption 
of / G C^{I). However, if we impose stronger differentiability conditions as 
stated then the proofs become much easier, and the results may be derived 
without the detailed matrix analysis found in Lowner's paper. The results 
then follow readily by calculating Frechet differentials of the matrix function 
X f{x). 

In a forthcoming monograph we shall give detailed and elementary proofs 
of these results in the context of harmonic analysis of matrix functions defined 
by the functional calculus. 

3.1 Reduction of the main assumption 

Theorem 3.3 (Bendat and Sherman). Let f be an operator convex function 
defined in the positive half-axis. Then f is differentiable, and the function 





is operator monotone for each to > 0. 
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Proof. Suppose / is operator convex, thus in particularly continuous. Using 
regularization (with e < to) we obtain / as the point-wise limit, for e — )■ 0, of 
a sequence (/£)e>o of infinitely differentiable operator convex functions. The 
functions 



are operator monotone in (e, oo) by Theorem 13.21 In addition, ge{t) — )■ g{t) 
for t 7^ to- Since / is convex the set of derivatives {/^(to)} is bounded for 
< e < tQ. A subsequence of {ge)t>o therefore converges towards an operator 
monotone function which is continuous according to Theorem 12.11 But then 
/ is differentiable in to and we conclude that /'(to) = ^^^e^o feito)- QED 

In the above proof we also learn that /^(t) — /'(t) for every t G (0, oo), 
where is the regularization of /. In connection with Corollary 12. 4l we obtain 

Corollary 3.4. An operator monotone or operator convex function f defined 
in the positive half-line is automatically differentiable, and f^{t) — f'{t) for 
every t G (0, oo), where f^ is the regularization of f. 

Corollary 3.5. Let f be an operator monotone function defined in the open 
half-axis. If the derivative f'{t) = in any point t > 0, then f is a constant 
function. 

Proof. Since / is differentiable, and thus t — [t,s]f is continuous for each 
s > 0, the Lowner matrix 



may be obtained (using regularization) as a point-wise limit of positive 
definite matrices. In particular, L(t, s) > and 






If /'(t) = 0, then necessarily f{s) = f{t) for every s > 0. QED 



8 



4 The fast track to Lowner's theorem 



Lemma 4.1. Let f : R_|_ — )■ R+ be an operator monotone function. Then the 
function t — )■ t~^f{t) is operator monotone decreasing. 

Proof. For e > the function /^(t) = f{t + e) is defined in the open set 
(— e, oo) containing zero. Since / and hence are operator monotone and 
therefore operator concave by Corollary l2.2l we may use Theorem 13.31 (Bendat 
and Sherman) to obtain that the function 

^ ^ /.(t)-/.(0) _ f{t + e)-f{e) 
t-0 t 

is operator monotone decreasing. By using /(e) > and the identity 

f{t + e) _ f{t + e)-f{e) f{e) 
t t t 

we reahze that the function t — )■ t^^f{t + e) is operator monotone decreasing 
when restricted to the positive half-hne. The result now follows by letting e 
tend to zero. □ QED 

Corollary 4.2. Let f : R+ — t- R+ be an operator monotone function. Then 
the functions 

f\t)=tf(t)-' and r(t)=tf(t-') 
are operator monotone in the positive half-axis. 

Proof. Since t — )■ /"(t)^^ = t^^f{t) is operator monotone decreasing by the 
above lemma it follows that /" is operator monotone (increasing). The sec- 
ond assertion follows from the same argument by first replacing / with the 
operator monotone function t — )• f{t~^)~^. QED 

The corollary states that the mappings f ^ and f ^ f* are involutions 
of the set of positive operator monotone functions defined in the positive half 
axis. 

Lemma 4.3. We have the bound f{t) < t + 1 for any positive operator 
monotone function f defined in the positive half-axis with /(I) = 1. 
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Proof. Since / is increasing we obviously have 



fit) < /(I) = 1 < t + 1 for < t < 1. 

We also notice that / is concave by Theorem 12.11 It follows, for t > 1, that 
f{t) is bounded by the continuation of the chord between (0, lim£_j.o /(e)) 
and (1, /(I)) = (1, 1). But the continuation of this chord is bounded by i: + 1. 
QED 

Let V denote the set of positive operator monotone functions defined in 
the positive half-line and consider the convex set 

Vo = {feV\fil) = l}. 

We equip Vq with the topology of point-wise convergence and realize, by the 
preceding lemma, that Vq is compact in this topology. 

Theorem 4.4. Let f : R+ H be a non-constant operator monotone func- 
tion. There exists a positive operator monotone function Tf, defined in the 
positive half-axis with (T/)(l) = 1, such that 



/(t) = /(l) + /'(l)^(T/)(t) t>0. 



Furthermore, 



fit) 



t^l 



/'(I) t = l. 

Notice that the derivative /' > if / is a non-constant function, by 
Corollary 13.51 

Proof. The function 

h(t)- ^ ^(^) - ^(1) 

'^^'^-f(T) t-i 

is positive since / is strictly increasing, and /ii(l) = 1. Since / is operator 
monotone and thus operator concave the function hi is operator monotone 
decreasing by Theorem 13.31 By composing with the operator monotone de- 
creasing function t — t- t~^ we obtain that 
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is positive and operator monotone with /i2(l) = 1- By applying the involution 
/i2 — h2 we finally obtain that the function 

(T/)(t) = hi{t) = th{r') = . 

is operator monotone by Corollary 14.21 It is also positive and (T/)(l) = 1. 
The assertion now follows by solving the equation for /. QED 

Lemma 4.5. The involution f ^ f* maps Vo into itself, and the operation 
f — )■ T/ maps the non- constant functions in Vo into Vq. 

Proof. Follows immediately from Corollary 14.21 and Theorem 14.41 QED 

Lemma 4.6. The sum of the derivatives 



t=i 



= 1 

t=i 



for any f e Vq. 

Proof. The assertion follows from the calculation 

f{t)-l f*{t-^)-l _ 
t-1 t~^-l 

by letting t tend to 1. QED 

Both / and /* are increasing functions. By Corollary 13.51 we therefore 
obtain: 

Corollary 4.7. The derivative of f satisfies 

< /'(I) < 1 

for any function f & Vo different from the constant function t 1 or the 
identity function t ^ t. 

Lemma 4.8. An extreme point f in Vq is necessarily of the form 
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Proof. Take first a function f E Vo wliicli is neither the constant function 
t — )■ 1 nor the identity function t ^ t, then A = /'(I) G (0, 1). An elementary 
calculation shows that 

(2) AT/ + (l-A)(Tr)* = /. 

Indeed, 

and 

r(t-') - 1 fit) - 1 



X){Tfr{t) = {l-X)t{Tf*){t-') 



1-t 



from which the assertion follows. Consequently, if / is an extreme point in 
Vo then T/ = / or 

t fit)- I 



X t 

from which it follows that 



/(() ( > 



Finally, the two functions we left out may also be written in this way. Indeed, 
the constant function t — )■ 1 appears in the formula by setting A = while 
the identity function t ^ t appears by setting A = 1. QED 

Theorem 4.9. Let f be a positive operator monotone function defined in 
the positive half-line with /(I) — 1. There is a probability measure /j, on the 
closed interval [0, 1] such that 



Conversely, any function f given on this form is operator monotone with 
/(1) = 1- 

Proof. We noticed that Vo is convex and compact in the topology of point- 
wise convergence of functions. Therefore, by Krein-Milman's theorem, it is 
generated by its extreme points Ext iVo) in the sense that Vo is the closure 

Vo^comJiExtiVo)) 
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of the convex hull of Ext{Vo). By Lemma 14.81 the convex hull of Ext{Vo) 
consists of functions of the form 



where is a discrete probability measure on [0,1]. A function / in Vq is 
therefore the limit of a net of functions {fj)jeJ written on the form ([3]) in 
terms of discrete probability measures {fij)j^j. Since the set of probability 
measures on [0, 1] is compact in the weak topology there exists an accumula- 
tion measure /i such that / is expressed as in the statement of the theorem. 
QED 

Notice that a possible atom in zero of the measure /i in the above theorem 
contributes with the constant term fi{0} in the integral. A possible atom in 
1 contributes with the term n{l}t. 

Corollary 4.10. Let f be a positive operator monotone function defined in 
the positive half-line with /(I) = 1. There is a probability measure /x on the 
closed extended half-line [0, oo] such that 



fit) = l^^^M>^) t>o. 



Conversely, any function f given on this form is operator monotone with 
/(I) = 1- 

Proof. The assertion follows from the previous theorem by applying the 
transformation 

A^a = A(l-A)-^ 

which maps the closed interval [0, 1] onto the closed half-line, and by noticing 
the identity 

t _ t{l-X)-^ _t{l + a) 
A + (1-A)t ~ A(l - A)-i + t ~ t + a 
which is valid also in the end points of the two intervals. QED 

We are finally able to give an integral formula for the operator monotone 
function defined in the positive half-line. There are various ways of doing 
so, but the following formula establishes the connection between operator 
monotone functions and the theory of Pick function in complex analysis. 
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Theorem 4.11. Let f : H be an operator monotone function. There 

exists a positive measure v on the closed positive half-line [0, oo) with /(I + 
A^)~^(iz/(A) < oo such that 

where a > and /3 G R. 

Proof. We first use Theorem 14.41 to write / on the form 

/W = /(l) + /'(l)^(T/)(t) t>0, 

where T/ is a positive and normalized operator monotone function. We can 
then apply Corollary 14.101 to obtain a probability measure fi on the closed 
extended half-line [0, oo] such that 

fit) = /(I) + /'(l)^ f '-^J^ d^^{X) t > 0. 
We explicitly remove a possible atom in oo to obtain 

fit) = /(I) + /'(i)/i({oo})(t - 1) + /'(I) 

where /i is a positive finite measure on the closed half-line [0, oo). We then 
make use of the identity 

it-m + X) , A 1 A 1-A2 

^Ta -i^ + ^^ \iTx^~tTx)^iTx^ 

to obtain 

f{t) = at + /3 + f (1) ^""(l + A)^ - dm, 

where a = /'(l)/u({oo}) > and 

1 _ \2 

is finite since the integrand is bounded between —1 and 1. The assertion now 
follows by setting (iz/(A) = /'(1)(1 -|- A)^ dfl{X) and noticing that 

1 < (1 + A)V(1 + A') <2 

for < A < oo. QED 
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We learn from the integral expression in the previous theorem that an op- 
erator monotone function / defined in the positive half-axis can be continued 
to an analytic function defined in C\(— oo, 0]. Since the imaginary part 



z + Xj l-z + Ap 



we also learn that the analytic continuation of / to the complex upper half- 
plane has non-negative imaginary part. In fact, the imaginary part, '^f{z), 
of the continuation is positive if just / is not a constant function. 

Theorem 4.12. Let f : R+ R be an operator monotone function. Then 
lim- / ^f{-t + ie)g{t)dt^ / g{X)du{X) 

71 Jo Jo 

for every infinitely differentiable function g with compact support in [0, oo). 
Proof. It readily follows from the above remarks that 

Is =- r^f{-t + te)g{t)dt 

TT Jo 

By appealing to Fubini's theorem this can be written 

4 = —/ g{t)dt+- / g{t)dtdu{X). 
TT Jo ttJo Jo [X-ty + e^ 



Since 



we realize that 



1 



J-oo (A - ty + £2 
1 



dt 



TT (A - ty + £2 

converges in the sense of tempered distributions towards the Dirac delta 
function in A as e tends to zero. Therefore, by appealing to Lebesgue's 
convergence theorem we obtain 

1 f°° e 

and the assertion follows by noticing that the support of g is in [0, oo). QED 
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The preceding theorem immediately imphes that the measure u in The- 
orem 14.111 is uniquely defined since, by Theorem 14. 12^ it is determined by 
the behavior close to the negative half-axis of the imaginary part of the ana- 
lytic continuation of /. It readily follows that also the other measures in the 
various integral representations of operator monotone functions are uniquely 
defined. 

Theorem 4.13 (Lowner). Let f : I Ti be a function defined in an open 
interval which is either finite I = (a, b) or infinite of the form (a, oo). Then 
f is operator monotone if and only if it allows an analytic continuation to 
the upper half-plane with non-negative imaginary part. 

Proof. The case where / is the positive half-line follows from the preceding 
remarks, and the case I = (a, oo) then follows by a simple translation. The 
remaining cases may be similarly reduced to the case / = (0, 1). The function, 

t 

hit) = t > 0, 

^ ' t + 1 

is a bijection between R+ and the interval (0,1). It is operator monotone, 
and the inverse function, 

1 . ^ t 1 
1-t 

is also operator monotone. Both functions have analytic continuations which 
map the complex upper half-plane into itself. Composition with h there- 
fore establishes a bijection between the sets of operator monotone functions 
defined in each interval, and between the set of functions, defined in each 
interval, which allow an analytic continuation into the complex upper half- 
plane with non-negative imaginary part. QED 
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